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Abstract 

In this paper we describe the structure of the space of parabohc reductions, 
and their compactifications, of principal G-bundles over a smooth projective 
curve over an algebraically closed field of arbitrary characteristic. We first 
prove estimates for the dimensions of moduli spaces of stable maps to the 
twisted flag varieties E/ P and Hilbert schemes of closed subschemes of E/ P 
with same Hilbert polynomials as that of a P-reductions of E. This generalizes 
the earlier results of Mihnea Popa and Mike Roth to connected reductive 
groups and the results of Y. I. Holla and M. S. Narasimhan to the case of 
non-minimal sections. We then prove irreducibility and generic smoothness of 
the space of reductions for large numerical constraints, using the above result 
and the methods of G. Harder. We also study these space in more detail for 
generically stable G-bundles. As a consequence we can generalize the lower 
bound results of H. Lange to G. 

1 Introduction 

Let C be a smooth projective over an algebraically closed field k of arbitrary char- 
acteristic. Let G be a connected reductive algebraic group. Let P be a parabolic 
subgroup. Let E he a. principal G-bundle over C. The main objective of this paper 
is to understand the structure of the space of P-reductions of E and its compact- 
ifications. Let Ti : E / P ^ C he the associated G/P bundle over C. Let be 
the tangent bundle along the fibers of the morphism vr. For a P reduction a of E, 
equivalently a section of tt, we will denote by = cr*(T^) the normal bundle of 
(t{C). Recall that a section a is minimal if deg(Tcr) is minimal among the degrees 



of the normal bundles for all sections of vr. In Holla-Narasimhan |]I6| it was proved 
that the every irreducible component of the Hilbert scheme of closed subschemes of 
E/P containing a minimal section has a dimension bound of dim(G'/P). 

For a P reduction a we define its numerical type [cr] G X^{P) = Hom(A'*(P), Z) by 
[cr](x) = deg(i?o- X'^x), where E„x^ the line bundle associated to the P-bundle 
Efj defined by a via the character x of P. 

Fixing a polarization of the curve C we can define a Hilbert scheme Hilb^|/p which 
parameterizes closed subschemes oi E/P whose Hilbert polynomials with respect 
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to a generating set of polarizations of G/P coincide with that of [a]. We also 
have the open subscheme Sec^j,p of the above Hilbert scheme parameterizing the 
space of sections of vr. We have a partial ordering on the set X^{P) defined by 
^ [o"2] if for every dominant character w of P we have ([(72] — [cti], w) G Z''-°^ 
and ([(72] — [o"i], x) = for every x ^ X{G). This defines a notion of a numerically 
minimal sections (types) that is those section (types) for which [a] is maximal with 
respect the above ordering among the numerical types of P reductions of E. We 
show that given a G-bundle there are only finitely many minimal numerical types 
and for all these types we have similar dimension bounds as in the case of |]l6l. Our 



first result is a generalization of the dimension estimates for the Hilbert schemes in 
the case of non minimal sections. 

Let 7i, . . . , 7m be the set of minimal numerical types for E. We show that if X is an 
irreducible component of Hilb^|p which contains the reduction of structure group 
cr as a Hilbert point then there exists an i G {1, . . . , m} such that [a] < 7^ and 

dim(X) < dim(G/P) + d{[a]) - d{-f,). 

The above result is proved using a similar dimension estimates for the moduli space 
of maps. Let Mg{E/P, /5[o-]) be the moduli space of stable maps from genus g curves 
to E/P with G H^{E/P, Qi)* be a class determined by the numerical type 
and the fixed polarization of C. We show that if X is an irreducible component of 
M g{E / P, Pi^^y) then there exists an i G {1, . . . , m} such that [a] < 7^ 

dim(X) < dim(G'/P) + d{[a]) - d{-fi). 

The above result is a generalization of a similar result of Mihnea Popa and Mike 



Roth [25 1 for the case G = GLn and P a maximal parabolic and the method of proof 
is similar to this case. 

We next address the question of generic smoothness and irreducibility of the space 
of sections of vr. We fix a root system of G by considering a Borel subgroup B and a 
maximal torus T. We say a numerical type [a] G X^{P) satisfies the property (*) for 
if [c'"](x) < — for every non-trivial character of P which when restricted to the 
maximal torus T is a non-negative linear combination of simple roots with respect 
to the root system. We show that there exists an integer such that if E admits a 
P reduction of numerical type [a] satisfying the property (*) for then Sec^j/p is 
irreducible and generically smooth of expected dimension (i([cr]) + (1 — g)dim{G / P) . 
This result is proved for the case G = GLn and P a maximal parabolic in |2^ and 



for arbitrary G and P = B a Borel subgroup when the curve G is over a finite 



field in Harder ||T^. Using the methods in we first derive the above result for 
Borel subgroups over arbitrary fields and then generalize this to case of parabolic 
subgroups. 

Next we define the notion of a generically stable G-bundles extending a similar notion 



for vector bundles as defined in Example 5.7 of |^. Our main result is the existence 
of generically stable bundles when the genus of the curve G is atleast two. We also 
study some basic properties enjoyed by these G-bundles. For example we show that if 
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E is a principal G bundle which is generically stable then (i([o"]) > {g — l)dim(G/P) 
for every P-reduction a. This generalizes the lower bound result of Lange (see 



2l[]). Some of these ideas should also lead to the computation of Gromov-Witten 



invariants for the twisted flag varieties E/P and this will be done elsewhere. 

For a fixed G-bundle E we have two different compactifications namely the Hilbert 
scheme and the moduli space of maps. In general one can show that there are no 
morphisms between them. Also there are several partial Drinfeld compactifications 
we can define using representations of G. It is possible to understand which of 
these are the images of morphisms from earlier compactifications (see Gaitsgory- 
Braverman for an account on Drinfeld compactifications). This part will appear 
elsewhere. 

In proving these results we need several basic facts about principle bundles over 
curves. In Section 2, we prove a technical result about existence of P- reductions of 
E following ideas of Ramanathan and as a consequence we recover several basic 
properties of principal G-bundles. We partially answers a question of Friedman- 
Morgan on the behavior strata defined by the Harder- Narasimhan reduction. This 
is in the case when such a reduction is defined by Borel subgroups. 

For a principal G-bundle E we define a canonical element c{E) G X,,{T)/Q^ where 
Q is the coroot lattice of G, using a Borel reduction and show that this element 
c{E) exactly parameterizes the algebraic equivalence classes of G-bundles over C, 
thus generalizing the fact that fundamental group of G parameterizes the topological 
equivalence classes of G-bundles over C to arbitrary characteristic. 

For an element c G X^{T)/Q and a positive integer d, let M(c, c?) be the set of 
isomorphism classes of G-bundles of topological type c such that the instability 
degree Ideg(£^) = Max{deg(adi?CT)|(P, o")} < where maximum is taken over all P 
reductions a oi E and all parabolic subgroups. We construct a finite type irreducible 
smooth scheme 5* and a family of G-bundles £ over C x S which is versal at every 
X & S and such that for each x E S the bundle Scx{x} lies in M{c,d) and every 
member in M(c, d) is an occurs in the above family. We also show existence of stable 
bundles for curves of genus atleast two. 

This paper is organized as follows. In Section 2 we describe the numerical types of 
P-reductions and study some basic properties. Section 3 deals with Borel reductions 
and here we prove results on algebraic equivalence and versal families and existence 
of stable bundles. The dimension estimates for the Hilbert schemes and moduli space 
of stable maps is dealt in Section 4. The irreducibility and generic smoothness is 
the content of Section 5. Finally in the last Section we prove results about generic 
stability of G-bundles. 
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and Abdus Salam International center for Theoretical Physics, Trieste for hospitality 
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where the work was done. 



2 Some basic facts about principal bundles 

In this section we recall and prove some basic facts about principal G bundles on 
C. Let k be an algebraically closed field. Let G be a connected reductive algebraic 
group over k. Let T be a maximal torus and B a Borel subgroup containing T. 
Let U be the unipotent radical of B. Then S is a semi-direct product U ■ T. Let 
i : T ^ B and j : B ^ G he the inclusions, and ps '■ B — > B/U = T be 
the projection. Let W = N{T)/T be the Weyl group and wq & W the element of 
maximal length in W . Let be the one dimensional torus and the additive 
group. We denote by X*{T) be the group of 1-parameter subgroups of T (denote 
by 1-PS). X*{T) denotes the group of characters of T. Wc have a perfect pairing 
X^{T) ® X*{T) — > Z which will be denoted by (■, ■)• Let $ C X*{T) be the root 
system of G, $^ be the set of positive roots and A = {ai, . . . , a^} the set of 
simple roots corresponding to B. For any o; e $, let the connected component of 
ker(Q;) and the centralizer of in G. Then the derived group [Za, Za\ is of rank 
one and there is a unique 1-PS a : T n [Za, Za] such that T — (imd) ■ 

and {a, a) — 2. This a is the coroot corresponding to a. We denote by $ the 
set of coroots. The quadruple {X*{T), $, X^..{T), $} defines a root system. For 
each a G $ wc have the fundamental dominant weight Wa G X*{T) ® Q defined 
by {hatp, Wa) = 5a,j3 and (7, Wa) = for any 1-parameter group in the connected 
component of the center of G. Let Q C X*{T) (resp.Q C X^{T)) be the (co)-root 
lattice generated by $ (resp We have a partial ordering < in X^{T) defined by 
< A if and only if (A - n, Wa) G Z^-^^ and (A - x) = for x e ^{G). 

Let P be a parabolic subgroup of G containing B. Let Ru{P) be its unipotent 
radical, then there is a subset / C A such that P = Pj Let Zi = (nQ.G/kera)° be the 
connected component of the intersection of the kernels of the roots in /. then we have 
a chosen Levi decomposition P = R^P ■ L such that L a Levi subgroup containing 
T defined to be the centralizer of Zj. We will fix such a splitting i : L — > P. 

Let G be an smooth projective curve over k. Let is a principal G bundle over G. 
Let (T be a reduction of structure group of E to P. By this we mean a pair a — {E^, 0) 
with Ep a principal P-bundlc and an isomorphism : Ep — > E, equivalently a 
reduction of structure group is a section a of the fiber bundle tt : E/P — > G. Here 
E/P denotes the extended fiber bundle E G/P over C. 

Let be the tangent bundle along the fibers of the map tt. For a reduction of 
structure group a we will denote by T„ the vector bundle defined by the pull back 
of under a. We will also fix notations for the Lie algebras by putting g, p, m, u 
for Lie algebras of G, P, L and P^P respectively. Then we see that T^- is the vector 
bundle on G associated to E'o- for the representation of P on g/p. 

First we state a lemma which bounds the degree of the tangent bundle along the 
fibers of the map tt. 
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Lemma 2.1 There exists a constant C (independent of a) such that for any reduc- 
tion a of E to P we have deg(To-) > C 



Proof (see Lemma 2.1, |]T6[)- D 
Recall that the above lemma enables us to define the notion of a minimal reduction 
namely those reductions of structure groups for which deg(Ta-) is minimal. 

There is a stronger notion of minimality of reductions we will be interested. Suppose 
Ea- is the P-bundle associated to a then we define an element [a] of X^{P) = 
X,{L) = Rom{X*{L), Z) by assigning [a]{x) = deg{x*{E^)). This point of X,{L) 
actually determines the Atiyah-Bott point in the sense of Friedman-Morgan |^ of 
the reduction a. We say that [a] is the numerical type of the reduction a. 

Now we can define a partial ordering on the elements of X^,{L) as follows. We say 
the numerical types [o"i] < [0-2] if for every dominant character w of P we have 
([^^2] - [cTi], w) G Z(-°) and ([az] - Wi], x) = for every x e -^(G). We say 
a reduction of structure group a is numerically minimal if the numerical type 
[a] is maximal with respect the above ordering among the numerical types of P 
reductions E. Here one observes that the second condition in the definition of the 
partial ordering is automatically satisfied if the the numerical types corresponds to 
P reduction of a fixed principal G-bundle E. 

One notes that deg(To-) depends only on the numerical type [a] corresponding to 
a reduction a and not on the reduction itself hence we denote d{[a]) = deg(To.) 
for some section a whose numerical type is [a]. Also one observes the definition of 
d{[a]) can be enlarged to define it for any element of X^,{L) by d{[a]) = [c'"](xp), 
where xp is the character of P, hence L, defined by the highest exterior power of 
the representation of P on g/p. 



Remark 2.2 A reduction of structure group a is numerically minimal if it is 
minimal with respect to the degrees of the tangent bundle T„. More generally a 
is minimal if deg(cr*(L)) is minimal with respect to all reductions for a fixed line 
bundle L which is ample along the fibers of vr (this corresponds to negative powers 
of dominant character of P upto tensoring with a line bundle pulled up from C) . 

The first basic lemma is the existence of numerically minimal sections. 

Lemma 2.3 For a given N, there are only finitely many numerical types [t], defined 
by P -reductions of a fixed G-bundle E, with the property that (i([r]) < N. Moreover 
given any P-reduction a there exists an numerically minimal reduction such that 



Proof We first prove the lemma for the case when the parabolic P is maximal. 
Further we may assume that the parabolic P is of the form Pa^u for some a G A by 
fixing all the root datum. Now both parts of the lemma p.3| follows from the Lemma 



2Tl| and the fact that [a] is completely determined by (^([(7]). This proves the lemma 
in this case. For a given a G A let be a positive integer such that —UaWa defines 
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the character XPa-c- ^^r the general case, we assume the parabohc P is of the form 
P — Pi for a subset / e A. The numerical type of r is completely determined by 
what values it takes on the characters UaWa for a e / and the characters of the group 
G. Since any reduction to P automatically determines a reduction to the parabolic 
P/^-a, and using the conclusion of the lemma for the maximal parabolics, wc see 
that [(j]{naWa) is bounded above as we vary a over the reductions to P. Hence we 
see that subset of X^{L) we are interested in is finite. The second assertion in the 
lemma is a consequence of the first. □ 

Recall that a principal G-bundle is said to be (semi) stable if for any reduction of 
structure group cr of to any parabolic we have deg(Tc.) > (>)0. This definition 
is equivalent to the condition that for any maximal parabolic P and a dominant 

character w of P we have deg(w^{Efj)) < (<)0. 

If P is a Borel subgroup B then the numerical type [a] defines a 1-PS on the maximal 
torus T. Further for any T-bundle Et we can similarly define its numerical type by 
a 1-PS [Et] defined by [Et]{x) = deg{x.iET)). 

Fix a polarization of the curve C. Recall that for a principal G bundle £ over 
C X 5" for a scheme S of finite type over k there is a projective scheme Hilb^yp^ 
over S parameterizing the closed subschemes oi 8 /P flat over S with a fixed Hilbert 
polynomial p. When the parabolic is not maximal we see that the Hilbert scheme 
further decomposes into open and closed subschemes owing to the fact that wc have 
many polarizations of G/ P. Hence we have to fix a finite set of generating polariza- 
tions of G/P to set a topological type. One can check that these polarizations can 
be computed by the numerical type [cr] of reductions. Hence we define the Hilbert 
scheme Hilb ^jp which parameterizes closed subschemes oi £/P flat over S with all 
Hilbert polynomials same as that of a. This defines an open and closed subschemes 
of the Hilbert scheme defined above. Also we have an open subschcmc of the Hilbert 
scheme Hilb^jp corresponding to the subschemes which are actually sections of the 

morphism tts '■ S/P ^ S. We will denote this scheme by Sec^jp. One of the prop- 
erties of the Hilbert scheme and the space of sections that will be useful to us is 
their behavior under the base change. Namely for any morphism S' — > S we have 
natural isomorphisms Hilb^'^^p = Hilb^jp X5 S" and Sec^'^^p = Sec^^jp X5 S'. Here 
Ss' denotes the pull back of £ under the morphism S' S. 

we now prove a Lemma about the space of sections which will be used later. 

Lemma 2.4 Let [a] be an numerical type. Let S be a family of G-bundles over 
C X S with S a finite type scheme. Then the subset of points in S corresponding to 
principal G-bundles which admits P reduction of numerical type [a] is constructive. 



Proof The lemma follows from the fact that the subset we are interested in is 
exactly the image of the morphism Sec^jp S. Since the space of sections are 
finite type over S hence the image is constructible. □ 

Let Pi C P be two parabolic subgroups of G. Let L (resp. Li be the Levi quotients 
of P (resp. Pi) and Zq{L) (resp. Zo(Li)) be the connected component of the center. 
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Let L denote the quotient L/Zq{L). Let Pi be the parabohc subgroup of L defined 
by the image of Pi under the natural map p : P ^ L. Let E he a. principal G-bundle 
over C and let a be a P reduction of E. Let Ei = p^^^E^j) be the associated principle 
L-bundle over C. We have the following lemma. 

Lemma 2.5 // [ai] G X^{Pi) is such that Ei admits a Pi reductions of numerical 
type [ffi] then there is a unique [o"i] G A** (Pi) such that there is a bijective corre- 
spondence between the Pi reductions of Ea- of numerical type [ai] and Pi reductions 
of El of numerical type [ai] . 

Proof The main observation is that we have natural isomorphisms P/Pi = L/ Pi. 
From here it follows that there is a natural bijection between Pi reductions of E^j and 
Pi reductions of Ei. Let ai be a reduction of structure group of Ei to Pi and let o"i 
be the Pi reduction of E^ which corresponds to ai under the above bijection. Now 
the natural morphism X^{Pi) X^{Pi) takes [ai] to [a] and the natural morphism 
X^.{Pi) X^{Pi) takes [ai] to \ai]. The proof of the lemma will be complete once 
we establish the injectivity of the homomorphism A'^,(Pi) X^{Pi) © A'^,(Pi). The 
last statement follows from the fact that any character of Pi can be uniquely written 
as a rational linear combination of a character of P and a character of Pi. □ 



3 Borel reductions and algebraic equivalence 

In this section prove a result about Borel reductions of G-bundles and as a con- 
sequence we derive results on algebraic equivalence of principal bundles and irre- 
ducibility of the moduli spaces etc. 

We will now define a notation which will be used through in the article. We say a 
point [cr] G x*{L){oT a reduction of structure group a) satisfies the property (*) 
for if 

> N for every non-trivial character x which when restricted to T 
is a non-negative linear combination of simple roots. 

Note that a reduction cr of P to the Borel subgroup B satisfies (*) for N > 2g — 1 
then for each positive root a the line bundle (— q;)*(Po-) is globally generated and 
satisfies H\C, (-a),(P<,)) = 0. 

We now state a basic lemma due to Drinfeld-Simpson |29| about the existence of 
reductions a satisfying the property (*) for any A^. 

Lemma 3.1 For any N there exists a reduction of structure group a of E to P 
satisfying the property {*) for N 



Proof The result is shown for the case P = P in Drinfeld-Simpson |29| and for 



the case of arbitrary P one just observes that giving a reduction of structure group 
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to B automatically gives rise to a reduction of structure group to P, by extension 
and a reduction to B satisfying the property (*) for N will give rise to a P reduction 
of E satisfying the same conditions. □ 



Remark 3.2 We wish to indicate that the proof in first reduces the problem 
to the case when ii^ is a trivial bundle by choosing a trivialisation on a Zariski 
open subset of C. Then one can reduce this problem to the case when G is simply 
connected and C is a projective line. At this stage one can recover the result by 
using the Theorem 7.4 and Proposition 6.13 of Ramanathan p7 . 



Let 5* be a finite type scheme over k. Let be a principal L-bundle over C x S. 
There is an conjugation action of L on -R„P using the splitting of P — > L. Hence 
there is a filtration 



RuP = Ui D U2 D ■■■ D Uk D Uk+i = {e} (1) 

such that Uj is normal in P, each quotient Uj/Uj^i are invariant under the action 
of L, lies in the center of RuP/Uj+i and define irreducible representations of L. 

Consider the functor Hg{C, RuP{El)) from (Sch/S')fppf — > Sets which takes a 
scheme {s : S' ^ S) to isomorphism classes of pairs (-Ep, (j)) where Ep is a P- 
bundle on C x 5" and (p is an isomorphism : p^{Ep) = s'*{El). We now record 
the following lemma for later use. 

Lemma 3.3 The functor H\{C , RuP{Ei)) is representable by an affine bundle over 
S under the assumption H^{C, Uj/Uj+i{EL)\cx{s}) = for each j = 1, . . . ,k and s G 
S, where Uj/Uj^i^Ei) is a vector bundle on C x S associated to the representation 
of L on Uj/Uj+i. 



Proof See Theorem A. 2. 6 of Friedman and Morgan ||^ for the proof. □ 

The following two lemmas hold when the characteristic of the field k is zero or when 
the parabolic P is Borel. The method of proof is similar to that of the proof of 
Lemma 3.6 of Kumar- Narasimhan [|I^]. We will use these results only for the case 
of Borel subgroups. 

Lemma 3.4 Suppose E is a G bundle which admits a reduction of structure group 
a to P such that the property {*) holds for N = 1 and that the associated Levi bundle 
El = p*{Ea) is semi-stable then H^{C, Uj/Uj+i{EL)) = for each j . 



Proof Since the representation of L on Uj/Uj^i is irreducible hence the vector 
bundle Uj/Uj+i^Ei) is semistable. The degree of this vector bundle is recovered from 
the character of L on the highest exterior power of Uj/Uj+i which when restricted 
to T is non-trivial and is a non-negative linear combination of simple roots hence 
by condition (*) for = 1 we have deg{Uj / Uj^i{Ei)) < 0. This implies that 
H\G, U,/U,+i{El))=0. □ 
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Lemma 3.5 Let E be a principal G -bundle which admits a P-reduction a such that 
[a] satisfies the property (*) for N = 2g — 1 and that the associated L-bundle El is 
semistable. Then H^{C, To) = 

Proof Let g and p be the lie algebras of G and P respectively. Consider the 
filtration = VoCViC...cVfc = g/pof P-sub modules Vi such that each quotient 
Vi/Vi-i defines a irreducible representation of P (hence of L). Hence we get a 
filtration of the vector bundle T^- for the action of L on these successive quotients. 
Now again the successive quotients define semistable vector bundles on G and that 
the character of T defined by restriction of the representation of L on Vi/Vi^i is 
a negative linear combination of simple roots, hence by stability of El and the 
condition (*) for iV = 2^ - 1 we see that H^{G, T„) = 0. □ 

We record here a corollary of the above lemma about smoothness of the space of 
sections using the deformation theory of the Hilbert schemes. 

Corollary 3.6 If £ is a family of G -bundles over a smooth projective curve C over 
a scheme S. If £ is a family of G -bundles over a smooth projective curve C over 
a scheme S of genus g. Let [a] G X^:{L) be a point satisfying the property (*) for 
N = 2g — 1. Let y G Sec^jp be a Hilbert point of a P reduction a of £x with x & S 
such that the associated L-bundle p^Ea^ is semistable. Then the natural morphism 
Sec^jp — ^ S is smooth at y. 



Now prove a result which generalizes the Theorem 7.4 of p3 has a similar proof. 



Proposition 3.7 Let a be a B -reduction of a principal G-bundle E satisfying the 
property {*) for N = 2g. If fi be a 1-PS such that ^ then E admits a P 

reduction (Tq with wo[o"o] = yU. 



The following lemma is an extension of the Lemma 7.4.1 of and is a step in the 



proof of the Proposition pTT 



Lemma 3.8 With the above notations there exists a sequence WQ[a] = ^i, /i2, . . 
/i„, = fi of elements of X^{T) such that yUj+i = fii -\- aj. for some aj. G A with 
(/ii, aj,) >2g-l. 

Proof We set wo[a] = fii. We prove the lemma by a downward induction. If for 
each I > i, fii has been chosen such that /ii < fii and /i^+i = f^l + 6ij^ for some aj^ G A 
with (/ij, OjJ > 2g — 1 then we want to make a choice for Since /ii < /ij+i we 
can write /ij+i = Hi + Yli ^mC^m with ^ A and > 0. Now we want to get rid 
of one of the with > 0. 

First we claim that kmCtm, a) > for some a G A such that k^ > 0- If not 
then we would have k^ = (Yl ^mC^m, Wm) < for every dominant weight Wm as 
the dominant weights are non-negative rational linear combinations of the simple 
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roots and the fact that {am, o^n) < for m ^ n. For such an a, using the condition 
{fii, a) > 2g we get (yUj+i, a) > 2g, hence (/Xj+i — a, a) > 2(7 — 1 as {a, a) = 2. 
Now we define /ij = /ij+i — a and the lemma follows by induction. □ 



The following lemma along with the preceding one implies the Proposition |37?. 



Lemma 3.9 Let /x, u be 1-PS such that fi = ly + a for some a G A and {u, a) > 
2g — l. Let E be a principal G -bundle with a reduction of structure group a to B with 
the property that wo[(t] = u. Then E admits a B reduction ctq such that WQla^] = n 

Proof Let be the minimal parabolic containing B defined by the simple root a. 
Let Pa = Ru{Pa) L be its Levi decomposition. Let Za = (kera)^ be the connected 
component of the kernel of a. Then is the connected component of the center 
and L = L/Za is a rank 1 semisimple group. We have the projection Pa L which 
induces an isomorphism Pa/ B = L/B = P^. The root a induces a a G X*{T/Za) 
which is the simple root of the L. The coroot a on L is the image of a under 
X^{T) X^{T/Za). Similarly we have Ji and V as the images of and v under 
X,{T) ^ X,{T/Za). 

Now for any v G X^{T) the integer (i/, a) is determined by the composite a o v : 
Gm Gm which takes z ^ z^'^'"\ Since the map a : T — ^ factors through 
T/Zq,, we see that (z/, a) = (u, a). 

Let Ecr be the i?-bundle associated to a as in the statement of the lemma satisfying 
wo[a] = v. Then E„ gives rise to a Pa-bundle by extension of structure group which 
we denote by E„^a- We also denote E^^a the L-bundle obtained by the extension of 
structure group Pa ^ L. 

By Lemma p.5| there is a bijective correspondence between the B reductions of E^j^a 
of numerical type [ai] and B reductions of E^r^a of numerical type [ai]. Let ai be a P 
reduction of E^ „ and Wi be the P reduction of E„ „ under the above correspondence. 



Now again by arguments of the lemma 2^ we see that [ai] — is a multiple of the 
coroot a 

Hence we are reduced to proving the Lemma for the case of rank 1 semi-simple 
groups. This case follows from the following lemma as PGL(2)-bundles on curves 
come from vector bundles. 

Lemma 3.10 Let V be a rank two vector bundle which can be written as an exact 
sequence 

such that deg(L2) — deg(Li) = m > 2g — 2. Then V can be written as an exact 
sequence 

such that deg(L2) — deg(Li) = m + 2. 
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Proof Consider the family V of vector bundles on C x A such that Vcx{o} = 
L2 and Vcx{x} = V for x G — 0. The condition m > 2g — 2 ensures 
A^ is smooth. Hence it is enough to prove the result for the case 
V = Li Q) L2. In this case we can construct a sub-bundle Li{—x) ^ Li © L2 by 
choosing a section of L2 L^^{x) which does not vanish at a; G C. □ 

Now the Proposition follows by the Lemma |3.8| and Lemma p.9|. □ 



that Secy 



Remark 3.11 One observes that the Proposition p. 7| holds even if the ground field 
is not algebraically closed on the condition that C has a rational point. 

In the rest of the section we give some applications of the above result. 

We fix the above notation. Let Bq be the opposite Borel subgroup containing T and 
the negative root spaces. 

In the special case when the Harder-Narasimhan reduction of a principal G-bundle 
is defined on a Borel subgroup satisfying some conditions we answer a question of 
Friedman- Morgan (see |^) on the behavior of the strata with respect to deformation. 



Proposition 3.12 Suppose jj and v are two dominant 1-PS satisfying the con- 
ditions via) > 2g for each a G A and jy < fi. Then there exists a principal 
G-hundle E whose canonical reduction (Tq is a reduction on a Borel subgroup Bq 
satisfying [o"o] = ^ o-^'d there exists a family £ of G -bundles on C x such that for 
S\cx{A^~o) — P^i(-^) '^^'^ ^\c'xo is a principal G bundle whose canonical reduction tq 
is again defined on the Borel subgroup Bq satisfying [tq] = /i 



Proof Let jj, and u be as in the statement of the Proposition. Let Et be a principal 
T bundle such that wo[Et\ = v. Let E be the principal G bundle obtained by 
extension to G. Let B and Bq be the opposite Borel subgroups intersecting exactly 
on T. We then get by extending to B and Bq, reductions of structure groups a 
and (To of to -B and Bq respectively satisfying WQ[a] = [ctq] = z/ and o"o being the 
canonical reduction of E (by the conditions stated in the proposition). Now we have 
a G-bundle E with a reduction a to B and a n such that wo[a] = i' < fi. Hence by 
Theorem we get a B reduction t of E such that Wq[t] = fj,. Now by Proposition 
3.7(a) of Kumar-Narasimhan-Ramanathan [|l9l we find a family S of G-bundles on 
G xA^ such that for £\cx{a^~o) — P^ii^) and £^|cxo — Ei where Now it is easy to see 
that El is a G-bundle whose canonical reduction tq defined on the Borel subgroup 
Bq satisfying [tq] = /i. □ 

Next we address the question of characterization of algebraic families of G-bundles 
on G and irreducibility of the moduli spaces. This part is actually mentioned in Ra- 
manathan ||2^ without proofs. We also wish to make reference to Drinfeld-Simpson 



29] where the irreducibility of the moduli stack of G-bundles are proved. But the 



basic results here are a little more explicit using the boundedness theorem in |0 



Recall the following definition. Two principal G bundles E and F are algebraically 
equivalent if there is a connected variety S of finite type over k and a family S of 
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G-bundles on C x S and two /c- valued points sq and si such that S\C x sq = E and 
S\C X si = F. 

Let Q denote the lattice of coroots in A'^,(T). When = C, it is well known that 
X^(T)/Q classifies principal G-bundles topologically. What we prove here is the 
algebraic classification of principal G-bundles in arbitrary characteristic. 

We first state a preliminary lemma which is easy to prove and will be used in the 
sequel 

Lemma 3.13 // and fi2 are 1-PS in T such that their images in X^,(T)/Q are 
equal then there is a 1-PS /x such that fj^i < for i = 1, 2 and that fi{a) > 2g — 1 
for each a G 

Given a principal G-bundle E and a reduction cr of to the Borel B we define c{E)a. 
to be the image of [a] in X^.{T)/Q. 

Lemma 3.14 For any two reductions a and t of E to B, we have c{E)^ = c{E)t-. 
In other words c{E)(j is independent of the reduction a . 



Proof The idea of the proof is already there in Proposition 6.16 of Ramanathan 



27[| . To prove the lemma we may assume that G is semi-simple. This is because for 
any character x G X^{G) we have x^{Ea) = X*(-^t) = X*{E). Let G be the simply 
connected covering group. Let Z be the kernel of G — > G. Let T and B be the 
maximal torus and the Borel subgroups of G which are the inverse images of T and 
B respectively. As in the proof of the Proposition 6.16 of |2^, we have a commuting 
diagram with horizontal rows exact in the fiat topology on C (and not exact in the 
category of group schemes) 

1 — > Z — > G — ^ G — ^ 1 

II t t 

1 — > Z — > B — y B — ^ 1 

II i i 

1 — > Z — > T — > T — ^1 



Then this gives rise to the following commuting diagram of fiat cohomologies with 
horizontal rows exact. 

H^{C, Z) 
H\C, Z) 
H\C, Z) 

Now if a and r are two reductions of E to B then the corresponding classes E^^ 
and Er in H^{C, B) satisfies j*{E„) = j*{Er) hence from the commutativity of the 



H\C, G) — > H\C, G) - 

H\C, B) — ^ H\C, B) - 

[ [p* 

H\C,f) ^ H\C,T) ^ 
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diagram and the fact that H^{C, T) is a group we have Ss^p^^E^j) — p^{Er)) = 0. 
The exactness of the bottom row imphes existence of an element a G H^{C, T) such 
that g*(a) = p^^^E^) — p^{Er). Now it is easy to see from the definitions that the 
following diagram commutes 

H\C, f) ^ H\C, T) 
i [\ i [■] 

Hence we see that [a] = \p^,{Ecr)] and [r] = differ by an element of X^:(T). 

Since q^{X^{T)) is exactly the lattice generated by the coroots we are through with 
proof of the lemma. □ 

The above lemma enables us to define a map c form the isomorphism classes of 
principal G bundles to A'*(T)/Q by assigning c{E) = c{E)a for any reduction a of 
E to B. We call c{E) the topological type of E. 

Proposition 3.15 Two principal G bundles E and F are algebraically equivalent 
if and only if c{E) = c{F) . 



Proof To prove the "only if" part of the proposition we need to only consider 
the case when the principal G-bundles E and F sit in an irreducible family. Let S 
be an irreducible finite type scheme over k with two points Sq and Si. Let £^ be a 
family of G-bundles on C x 5* such that S\cxso — E and S\cxsi — F. Now choose a 
reduction of structure of structure group a of E to B satisfying the property (*) for 
N = 2g — 1. Then by Corollary |3.6| the morphism Sec^j^ — *■ S* is smooth and the 
image contains the point sq defined by E, hence it contains a neighborhood of sq. 
This gives us an open subset U of S with the property that for s G f/ the bundle 
^\cxs admits a B reduction of type [a]. Similarly by choosing a reduction r of F 
satisfying the condition (*) for N = 2g — 1 we get another open subset V of S such 
that for each s' G V, the bundle S\cxs admits a B reduction of type [r]. Since S 
is irreducible, U and V have non-trivial intersection, hence we produce a principal 
G-bundle E' which admits a reduction to B with numerical types [a] and [r]. Now 
by Lemma [3^^ we have c{E) = c{E)„ = c{E')^ = c{E')r = c{F\ = c{F). This 
proves the only if part of the proposition. 

For the other part of the proposition the main idea is the construction of of the 
family of -B-bundles which extend to a fixed T-bundle. Let E and F be principal 
G bundles such the c{E) = c{F). Choose reductions of structure group a and r 
of E and F respectively satisfying (*) with = 2g. Since [a] — [r] is an integral 
linear combination of coroots, by Lemma p.l3| there is a dominant 1-PS /i with the 
property that Wo[cr] < /i and Wo[t] < jj,. Now by Theorem there are reductions 
(To and To of E and F respectively with the property that ifo[c"o] = wq[t] = /i. Let S 
be the moduli space of T-bundles of type Wofi. The space S is essentially a product 
of Jacobians. There is also a universal family St over C x S. The conjugation 
action of T on f/ using the splitting of B — > T gives us a filtration as in (|I]). The 
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condition (*) for = 1 along with Lemma and Lemma p.4| implies that the 
functor Hg{C, U{£t)) is representable by an affine bundle H. over S. Let B be the 
universal family of B bundles over C xTi. Now this universal family when extended 
to G gives a family of G-bundles over a finite type irreducible scheme Ti. (in fact 
smooth) containing both E and F. This completes the proof of the proposition. □ 

In the following Lemma we relate the invariant c with the degree of the G-bundle. 
Consider the natural map g : X^,(T) — > X^{G) := }lom{X*{G), Z) defined by the 
dual of the restriction map X*{G) X*(T). 

Lemma 3.16 The homomorphism g factors through Q to give a homomorphism 
g:X,{T)/Q^X,{G). 



Proof for the proof we have to show that any coroot a with a G $ acts trivially 
on any character x of G. This follows from the definition of the coroot as a homo- 
morphism from the maximal torus of SL2 to G. Now the fact that any character on 
SL2 is trivial implies the result. □ 



Remark 3.17 Recall that the composition d o c{E) is equal to the degree of the 



principal G-bundle as defined in |16 | 



With the above notations Let P = P/ be the parabolic containing the Borel subgroup 
B corresponding to the subset / C A. Let L = L/Zo{L) be the quotient of the Levi 
by the connected component of the center. We denote the projection map P — L 
by p. Let Qj^ be the coroot lattice of L. Then Qj^ is the lattice generated by the 
coroots a with a G /. We also denote by B (resp. T) the Borel subgroup (maximal 
torus) of L defined the images of the respective objects under p. We use the notation 
cg and cl for the topological type c to indicate difference when we are working with 
G-bundles and L-bundles respectively. 

The following is a lemma which is an algebraic version of the Lemma 2.4 of Friedman- 
Morgan M whose proof is also very similar. 



Lemma 3.18 If E is a principal G-hundle which admits a P reduction a then the 
numerical type [a] and the element cg{E) determines the element cl{p^E„). 



Proof Suppose E and F are two principal G-bundles which are algebraically equiv- 
alent. Let a and r be P-reductions of E and F respectively. Let ao and Tq be further 
reductions of the L-bundles p^:E„ and p*Pr- Then these determine reductions cxo 
and Tq of E and F to B (by Lemma p3| ). With the conditions cg{E) = cg{F) 
and [a] = [r] we have to show that cl(p*(-Eo-)) = CL{p^,{Fr)). The condition 
[a] = [t] implies that the difference [ctq] — [tq] is in the kernel of the natural map 
X^{T) (g) Q — > A',(P) ® Q which is exactly equal to Ql ® Q- Hence [ctq] - [^"0] 
is a rational linear combination of elements of a with a G /. Now the condition 
cg{E) = cg{F) implies that [ctq] — [tq] is an integral linear combination of elements 
a with a G A. This proves the lemma. □ 
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Recall the definition of the instability degree of a principal G-bundle E 



IdegaiE) = Max{deg(adEj|(P, a)}, 

where the maximal is taken over all parabolic reductions of the principal G-bundle 
E. It follows from Behrend that if (P, a) is the Harder- Narasimhan reduction of 
E then ldegQ{E) = —d{[a]) (also see Mehta-Subramanian or Holla-Biswas ^ 
for an account). 

Let c G X^(T)/Q be a fixed class. Let Mc{c,d) be the set of isomorphism classes 
of principal G bundles over C such that the instability degree is bounded by d. We 
need the following proposition. 

Proposition 3.19 Mg'(c, c?) is bounded. In other words there exists a finite scheme 
S and a principal G-bundle £ over S such that every member in Mg{c, d) occurs in 
S. 



This is exactly the Theorem 1.2 of [|1^ when d = 0. For d > the same method 
works. 



The following is a version of Proposition 4.1, Ramanathan about openness of 
stable bundles {d < case) which is proved in the analytic setup but the proof goes 
through in any characteristic. 

Proposition 3.20 In any family of bundles G-bundles S —>■ C x S the subset S'^ 
corresponding points x & S for which S\cx{x} has instability degree less than d is 
open. 

The above can also be proved using the Lemma p.3| , the properness of the Hilbert 
schemes and the Lemma |4]^ (to be proved later) . 

The idea of the proof of the Proposition p.l5| gives something stronger which will be 
used later. 

Theorem 3.21 There exists an irreducible smooth variety S and a family of G- 
bundles on G x S such that every element in Mg{c, d) occurs in the family S. 



Proof By Lemma p.l9| there is a finite type scheme X with family of G-bundles S 



over G X X such that for each x E X the bundle £\cx{x} lies in Mg(c, d) and every 
G-bundle in Mg{c, d) is isomorphic to a member in the family S. 

Consider the defining morphism IJ Sec^j^ — > X, where the union is taken over all 
[a] satisfying the property (*) for = 2g. We see that this is a smooth morphism 
by Corollary |3.6| . Since X is of finite type there exists finitely many open sets 
^ which cover X and elements [xj] for i = 1 . . .m such that for each x E Ui 
the principal G-bundle S\cx{x} admits a B reduction with numerical type [xj] and 
such that each [xj] satisfies the condition (*) for = 2g. By Lemma p.l3| we can 



find a 1-PS /x with /x(a) > 2g — 1 for each a G satisfying wo[Ti] < /x for each i. 
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Now by Theorem |3.7| we see that every G-bundle which corresponds to a point in 



X admits a B reduction with numerical type wq^. 

Take 5*0 to be the moduh space of T-bundles of type Wq^i and continue with the 
steps of the "if" part of the proposition p.l5| to obtain an affine bundle S over 5*0 



which satisfies the conditions of the statement of the theorem. □ 

Using similar arguments and the remark |3.11| , one can also obtain a slight general- 
ization of the Theorem 1 of Drinfeld and Simpson p9 . 



Corollary 3.22 If £ is a principal G-bundle over smooth curve C over a finite type 
scheme S. Then for any N there is a [a] G X^(T) and a surjective Stale cover 
S' ^ S such that [a] satisfies the property {*) for N, and £ admits a B-reduction 
over S' with numerical type [a] . 

Suppose P is a connected linear algebraic group which is written as RuP ■ L with 
the property that L is reductive and RuP being the unipotent radical. We have the 
natural projection p : P —y L. We record here a fact which will be used later. 

Proposition 3.23 Let E be a principal P-bundle over C . There is an algebraic 
versal family of deformations of E and the tangent space to the deformation functor 
IS H\C, adE). 

Proof First we observe that the deformation functor De satisfies the properties 



Hi, H2 and H^, of Schlessinger pSf. Hence a formal versal hull exists. To verify 
that the there is a an algebraic versal hull we use the results of Artin ||^. Also 
the second condition of Artin namely that De{A) limDE{A/m'^) is injective for 

a local ring of an algebraic scheme with residue field k, is easy to check using a 
faithful representation of P in GLj^f and considering the principal P-bundle as a 
vector bundle with a section on some tensor power of it and using the Grothendieck 



existence theorems [12] III 5. This part is done in Proposition 8.4. So it is 
enough to check that there is a principal P-bundle V on C x S* for some S smooth 
scheme of finite type such that the infinitesimal deformation map is surjective. When 



the group RuP = {e} that is when P is reductive this follows from Proposition p. 21 
and Corollary p.6| 

In the case P is not reductive we use the filtration (|T]) on RuP- Now the proposition 
follows from the following lemma by the induction on the length of the filtration and 
by writing the exact sequence {e} ^ Uk P P/Uk ^ {e} and finally reducing 
this to the case when the group P is reductive. 

Lemma 3.24 Let e U —>■ P ^ M —>■ e be an exact sequence of connected 
algebraic groups such that U = and that P action of U factors through M to give 
a representation of M. Let E be a P-bundle and let Em be the associated M-bundle 
under the surjection p : P ^ M. Let Vi — > G x Si be a family of M -bundles 
parameterizes by a finite type smooth scheme Si which is versal at Em- Then there 
exists a family V — > G x S of P -bundles again parameterized by a finite type smooth 
scheme S which is versal at E and there is a surjective morphism S Si. 
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Proof The unipotent group scheme UiVi) over C x Si actually comes from a 
vector bundle W over C x Si. If is a complex of vector bundles defined 

by the semi-continuity theorem which computes i?*(pr2)*W^ then one can check that 
on the vector bundle we have a family of P-bundles which has the properties 
mentioned in the lemma. □ 

Another fact which we will need is the following. 

Proposition 3.25 // the genus of the curve C is atleast two then for any c G 
X^:(T)/Q there exists a stable G bundle whose topological type is c. 



Proof Let E be any principal G-bundle over C. By Proposition p.23| we have a 
family £ of G-bundles parameterized by a finite type smooth and integral scheme 5* 
which is miniversal at every point of 5* and there is an a; G 5* such that E = S^- If 
E admits a P- reduction a with (i([cr]) < then we have to show that the image of 
the natural map f : Y = Sec^|/p S does not contain an open subset of S. 

Let Sp be the family of P-bundles on Y obtained by the universal property of Y 
and let y eY be such that Sp^y = E„. Let V — > C x Sphe Sl family of P-bundles, 
parameterized by finite type smooth scheme Sp, which is miniversal at the point 
y' = E„ E Sp Now by going to an etale neighborhood V of y E Y and of Sp, 
and an automorphism of [/ in a neighborhood of x E U we may assume that the 
restriction of / (again denoted by /) defines a morphism f : V ^ S which can be 
written a.s j o g, where g : V ^ Sp is defined by the versal property of Sp at Ea^ 
and j : Sp ^ S hj the versal property of U at E. Hence it is enough to show that 
H^{C, adE^) H^{C, a.dE) is not surjective. The last statement follows because 
H\C, T„) ^ 0, as dl[a]) < and ^ > 2. □ 



4 Hilbert schemes and Moduli space of maps 

In this section we use the compactifications of the space of sections to estimate their 
dimensions. For a given reduction cr of to P we consider the Hilbert scheme 
Hilb^yp and a the open subscheme SeCgj,p as defined before. The following theorem 
was proved in HoUa-Narasimhan about the dimension estimates of the Hilbert 



schemes corresponding to a minimal section a. 

Theorem 4.1 Let a be a minimal section. Let X be a irreducible component of the 
Hilbert scheme Hilb^^p which contains a as a Hilbert point. Then every point in X 



corresponds to a Hilbert point of a section. In other words X C Sec^j/p 
dim(X) < dim(G/P) and deg(T^) < ^dim(G'/P). 



Moreover 



Remark 4.2 The dimension bound dim(X) < dim(G'/P) follows from the first 
assertion of the above theorem by a rigidity argument which implies that the evalu- 
ation morphism X xC ^ EjP is finite, (see Lemma 2.4 of |jl6[ 



The last assertion 
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follows from above by a deformation theoretic argument (see Proposition 3 of Mori 

m)- 

In our proof of the fact that the minimal section satisfies deg(To-) < gdim{G/P), 
we only needed the fact that the highest exterior power of T^- is ample over the 
fibers of the map tt : E/P — > X. More generally the proof of the above theorem 
would go through assuming cr to be numerically minimal. This is the content of the 
proposition below. 

Proposition 4.3 In the above set up, if X is an irreducible component o/Hilb^j/p 
which contains a Hilbert point of an numerically minimal section a then every ele- 
ment in X corresponds to a Hilbert point of a section. In other words X C Sec^j/p. 
Moreover we have dim(X) < dim(G'/P) and deg(To-) < gdim{G/P). 



Proof We need the following lemma for the proof. 

Lemma 4.4 // the Hilbert point of a closed subscheme Y of E/P is in Hilb^j/p then 

Y has a unique irreducible component Cq which maps isomorphically onto C under 
the composition Cq — > E/P — ^ C, hence defines a section of tx which satisfies 
the inequality [a] < [ctq] ■ More over if the above is an equality then the subscheme 

Y coincides with Cq. 



Proof of the lemma: We just follow the arguments of the Proposition 2.3 of |jT6 
By choosing a line bundle L on C of degree one we see that 

x{Y,Oy) = x{C,Oc) and x{Y, f* {L)) = x{C,L), 



By applying Lemma 2.2 (i) of [T^ we get the unique irreducible component Cq 
mapping isomorphically onto C . The third part of the Lemma 2.2 (iii) now implies 
that for any line bundle ^ on E/P which is ample along the fibers of vr we have 
deg (Co, — deg (1^, this is an equality if and only if there are no other one 
dimensional components. This proves the Lemma [4.4| by taking the line bundle 
^ to associated to anti-dominant characters of P. The final remark is that the 
zero dimensional components automatically disappear once there are no other one 
dimensional components by Lemma 2.2 (ii) of ||l6l. □ 



The above lemma immediately implies the first part of the Proposition and the 
other parts follow form Remark |4.2| . □ 



Remark 4.5 Let [a] be a numerical type not necessarily minimal. Suppose that 
we have an irreducible component X of Hilb^|,p which is contained in Sec^j/p, in 
other words every element of X is a Hilbert point of a section. Then we see again 
by Remark [4.2| that dim(X) < dim(G/P) and c?([(t]) < g-(\\m.{G/P). In some sense 
the minimality condition for the section a is used only to get components of Hilbert 
schemes which do not have any boundaries. 
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Corollary 4.6 There are only finitely many numerically minimal points in X^,{P) 
corresponding to P reductions of the principal G-bundle E. 



Proof This follows from Lemma 2^ and the last inequality in the Proposition 
43. □ 

We have the following result on the dimension estimates for the irreducible compo- 
nents of the Hilbert scheme containing the Hilbert point of a section. 



Theorem 4.7 Let 71, 72, . . . , 7^ be the numerically minimal types in X^,{L) for the 
principal G-bundle E. If X is an irreducible component o/Hilb^|/p which contains 
the reduction of structure group a as a Hilbert point then there exists a i with [a] < 7j 
such that 

dim(X) < dim(G/P) + d{[a]) - d{-f,). 

The above result is proved using a similar result on the dimension estimates of the 
moduli space of stable maps. Now we recall the basic facts about the moduli space 
of stable maps. 

Let X be a smooth projective variety. We consider the Kontsevich space of stable 
maps A^c,,„(X, As a functor, its S'-valued points parameterizes stable families 
over S of maps from n-pointed, genus g curves to X representing the class (3 with 
isomorphisms. More precisely equivalence class of triples (vr : C — > 5*, {pi}i<i<n, : 
C — > X) satisfying the following properties. 

1. A family of n-pointed, genus g curves vr : C — > S which is flat and projective. 

2. n sections {pi, ... , p„} of tt : C — > S such that each geometric fiber 
{Cs,pi{s), . . . , Pn{s)) is an n-pointed genus g curve which is projective, con- 
nected, reduced, nodal curve of arithmetic genus g with n distinct, nonsingular, 
marked points. 

3. For each geometric point s G S* the morphism /i : C — > X restricted to the 
fiber Cs satisfies the following. 

(a) If a rational component F of Cg is mapped to a point, then F must contain 
at least three special points (marked points or nodes). 

(b) If a component F of arithmetic genus 1 is mapped to a point, then it 
must contain at least one special point. 

(c) (3 = {fi\cX[Cs] 

Here the last equality holds in the homology groups }12{X,K), where is a char- 
acteristic zero field (mostly Q or QJ. If the variety lives in characteristic p then 
we replace the above homology by the etale cohomology group II^"~^(X, Q^) (or 
equivalently H'^{C, Qi)*) for a prime / different from p. 

Aig^ni^, Pd) is known to have a structure of a proper Artin algebraic stack, with 
finite automorphism at fc-valued points, which admits a projective coarse moduli 
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space Mg^n{X, Pd) in all characteristics. For proofs see Fulton-Pandharipande 0, 
Harr is- Morrison [p!^ , and mostly Abramovich-Oort [|^. 

We also have an open substack of above giving rise to a coarse moduli scheme 
Mg^„(X, f3d), which parameterizes maps from smooth curves. Furthermore there is a 
"forgetful" map Mg^niX, (3d) — ^ Mg^n-iiX, Pd) which extends the natural forgetful 
map of the open moduli spaces, with one dimensional fibers. 

We will be only interested in the case when the space X is of the form E/P where 
is a principal G bundle on a smooth projective curve C, and P is a parabolic 
subgroup of G. Also in our case we will mostly assume g = gc and Pd is a class in 
H'^{X, K)* determined by a reduction of structure group a of to P. 

The basic relation between the homology classes (3 and the numerical type a can be 
described as follows. 

Given a /5 G H\E/P, K)* we define a point [f3] e X,{P) by [f3]{x) = P{ci{Lx)) 
where is the line bundle on E/P defined by x- This defines a homomorphism 
H\E/P, K)* ^ X4P)^K. 

Since H'^{E/P, K) is generated by the first Chern classes of the line bundles (as 
H'^{E/P, Oe/p) = 0) and the fact that every line bundle on E/P is uniquely of 
the form ® ^*(-^) with a line bundles L over C and over E/P defined by a 
character x of P- Hence we have a well defined set theoretic splitting of the above 
homomorphism defined by [3[a] = [ct]{x) + deg(L) 

When cr is a reduction of structure group of a principal G-bundle E then a defines 
a point of both the spaces Mg{E / P, f3[cr]) and Sec^j/p. In the following lemma we 
prove that the above correspondence defines an isomorphism between the two. 

Lemma 4.8 There is a natural isomorphism between Mg{E / P, Pya-]) and Sec^j/p 
which takes a point corresponding to the irreducible curve to the section defined by 
it. 



Proof We first construct the map from the algebraic stack J^g{E/ P, P^^^^) — > 
Sec^j/p, this will automatically define the map from the coarse moduli space. Given 
a tuple {q : C —>■ S, f : C — > E/P) with C being a fiat family of smooth curves over 
S, we see that (g, tto/) : C ^ SxC defines an isomorphism over S. Hence this setup 
automatically gives rise to fiat family of sections. This defines the morphism. Notice 
that all the isomorphisms in A4g{E/P, P^^^) are automatically collapsed in Sec^J,p. 
The inverse of the above morphism can be obtained by simply inverting the above 
operation and then composing it with the natural morphism A4g{E/ P, P[„]) — ^ 
Mg{E/P, P[„]). Hence the lemma is proved. □ 



Remark 4.9 Suppose there is a component X of Mg{E/P,P[„]) which has no 
points of the boundary, in other words, every point of X corresponds to a map 
from an irreducible curve. Then such a component will map isomorphically on to 
an irreducible component of Sectlp C Hilbtlp. Since X is proper we see that 
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X defines an irreducible component of Hilb^j/p. Hence by Remark we obtain 
dim(X) < dim(G'/P) and d{[a]) < g ■ dim(G/P). 

Now we state tlie main result of this section 

Theorem 4.10 Let 71, 72, . . . ,7^ be the numerically minimal types in X^{P) for 
E. Let [a] be a numerical type. If X is an irreducible component of M g{E / P, f3[„]) 
then there exists an i with [a] < 7^ such that 

dim(X) < dim(G/P) + d{[a]) - d{-f,). 



The above result is a generalization of a result of Mihnea Popa and Mike Roth ||25[ on 
the dimension estimates of the moduli space of stable maps in the case of G = GLn 
and its proof follows similar ideas but one has to take care of the numerical types 
of the sections. 

Suppose X is a component of M g{E / P, I3\^„^) whose generic point corresponds to a 
map with irreducible domain. Let Y be the boundary in X corresponding to maps 
with reducible domain. Let Y' be an irreducible component of Y . 



The following basic lemma which is a stronger analogue of Lemma for the moduli 



space of maps and which does not hold for the case of Hilbert schemes. 

Lemma 4.11 A generic element ofY' corresponds to a map from a connected re- 
duced nodal curve C with irreducible components Co, Ci, . . . , Ck such that 

1. Co maps isomorphically onto C, every other Ci is isomorphic to P^. 

2. Only singularities of C are ordinary nodes with each Ci, for i = 1 . . .k, inter- 
secting Co at a point Xt with Xi 7^ Xj for i ^ j ■ And these are only intersections 
between the irreducible components. 

3. Co gives rise to section do of tt whose numerical type [ao] satisfies [a] < [ao]- 
Moreover for any line bundle C, on E/P ample along the fibers of tc, we have 

k 

deg(Co,e|c7o) + $^deg(C„e|cJ = deg(C', ^Ic), 

i=l 

with deg(Ci, ^|cj > for i = 1 . . . k. 

Proof The first part of the proof of this lemma is same as the proof of the Lemma 
f4.4| , but we have to take care of rational tails. Since C is a connected reduced curve 
with only nodal singularities, the arithmetic genus of C coincides with that of C 
and Co. This forces the other components to be isomorphic to P^. Moreover we see 
that these rational components form trees living at the fibers of the morphism vr. 
To show that such a generic curve C is a comb we need to smoothen the rational 
curves that we encounter. This follows from a general statement proved in Theorem 



7.6 II, p. 155 of Kollar [|17|, which uses the fact that f*T-,r when restricted to each of 
the components of the tails is semi-positive. This is always the CclSG clS the tangent 
bundles of the flag varieties are globally generated and the tails lie in the fibers of 
the morphism vr. □ 
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Remark 4.12 The Lemma [4.11| also hold in the situation where Y = Y' is an 
irreducible component of M g{E / P, i3[cr]) consisting of only reducible curves. This 



will also be used in the proof of the Theorem [4.10 



One of the steps in the proof of Theorem [4.10| is the following lemma which is 



essentially follows from deformation theory of the nodal curves. 

Lemma 4.13 Let X be an irreducible component of M g{E / P, f3[cr]) whose general 
element corresponds to a irreducible curve. Let Y' G X be an irreducible component 
of the boundary Y corresponding to the reducible curves. Then the codimension of 
Y' in X is at most k, where k is the number of nodes in a curve corresponding to a 
generic element ofY'. 

Proof This is a standard statement about deformation theory. It is enough to 
show that in the algebraic miniversal deformation of such a curve, the boundary is 
of codimension /. The construction of the deformation is done in Vistoli | 30[ 



The tangent space to the deformation functor is Defi(C") = Ext^^, (fic"; ^c) and 
it is calculated by the following exact sequence. 

^ H\C', Oc) ^ Ext^^,(fic', Oc) ^ H\C\ mlj^c, Oc)) ^ H\C\ Oc) 

In our situation we have H^{C', 9c') = 0. An easy computation using the normal- 
ization of C shows that dim i7^(C", Oc) = gc — 3 — A; and Ext^ o^. {Vtc, Oc') is 
sky scraper sheaf supported on the nodes and has length 1 at each of the nodes of C . 
These facts imply that Defi(C") has dimension 'igc' — 3 containing the subspace 
dim i7^(C", Oc) which parameterizes the deformations of the curve C preserving 
the singularities. Note that in the case these dimensions are negative one has to 
put additional markings to ensure that the nodal curves have only finite automor- 
phisms and then work over Mg^n{E/P, instead of Mg{E/P, P[a])- Using this 
the Lemma follows. □ 



Proof of the Theorem 4.1C : We first prove the result when the generic element in 
X corresponds to a map from an irreducible domain. Let Y' G Y he an irreducible 
component of the boundary Y in X. If (C, /) is a curve which corresponds to a 
general element of Y', then by Lemma |4.11| , we can write C = IJi=o ^* where Cq 
defines a section ctq of vr and the other Cj's are isomorphic to P^. Hence the curve 
Cq along with the points {xi\i = 1 . . . k} defines a point in Mg^k{,E I f3[ao\) and 
the curves Ci along with the point Xi defines an element of Mo,i(G/P, ctj), where 
a, is the second homology class defined by (/|cJ*[Ci]- then can estimate the 
dimension of such curves by first taking irreducible curves of type [ao] and k copies 
of rational curves each with types ai for each i such that sum [ctq] + = [o"]. 

The dimension of Mqi{G/ P,ai) can be computed by deformation theory to be 
exactly equal to dim(G'/P) + — 2 (see Theorem 2, Section 1, 0). From 

here it follow that Mo,i(-E'/P, ctj) has dimension equal to dim(G'/P) + — 1. 

Now the moduli space Mg^k{E/ P, Pi^j^]) and Mo,i(-E'/P, Oi) have natural evaluation 



22 



maps evi : Mg^k{E/P, f^i^,]) — > E/P and ev[ : Mo,i(G/P,ai) — > E/P for each 
i = l...k. 

Consider the space 

k 

Z([ao],ai,...,afc) = M5,fc(E/P,/3[,,]) x^^.^^ JJ Mo,i(E/P, a^- 

i=l 

This space has dimension 

dim(M^E/P, + k + Eti dim(Mo,i(G/P, a,)) - k dim{E/P) 

= dim{Mg{E/P, + k + fcdim(G/P) + Eti ^(N) - k -kdim{G/P) - k 

= dim(M, (E/P, + Ell d{[a.]) - k 

= dim(M,(E/P,/?[^„])) + d{[a]) - d{[ao]) - k 

The dimension of the above will be related to the dimension of Y' using the natural 
morphism /z([o-o],ai,...,afc) : Z{[ao],ai, . . . ,ak) — > M g{E / P, (3[„]) which is defined by 
{Ci} I— i> C . The existence of such a morphism is easy to see at the level of Algebraic 
stacks by taking the valued groupoids but such a morphism would automatically 
descent to the coarse moduli spaces. 



Now by Lemma |2.3| and the fact that there are only finitely many possibilities for the 
collection {[ai], . . . , [ofc]} as they are squeezed between [a] and [o"o] and generically 
every element of Y' is in the image of one such map hence we obtain an irreducible 
component Xq of some Mg{E/P, /3[o-q]) and a collection {ai, . . . , ak} of elements in 
H'^{E/P, K)* such that the image of the morphism /i([cro],Qi,...,afc) contains an open 
subset of Y' . Hence we have 

dim(F') < dim(Xo) + d{\(7]) - rf([(To]) - k. 

Also the above construction implies that the generic point of Xq corresponds to map 
from an irreducible domain. Now by Lemma [4.13| we see that the dimension of X 
is bounded by 

dim(X) < dim(Xo) + d{[a]) - ^(K]). (2) 

The above is the main step for the induction in the proof of the Theorem. When 
the induction stops we have two possible cases to take care. 

So starting with the numerical type [a] we produce an numerical type [ctq] and an 
irreducible component Xq of M g{E / P, such that the above inequalities hold. 
Now by induction we continue this process to get a sequence of numerical types 
[di], [cT/], ■■ and irreducible components Xi of M g{E / P, P^i^.j) for each i such 
that 

dim(Xi) < dim(X,+i) + d{[ai]) - (3) 

This process goes on until we reach an / for which Xi has no boundary or [ai] 
is numerically minimal (hence no boundary points). Now the problem reduces to 
estimating the dimensions of the irreducible components which contain no boundary 
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points. In this case, by Remark [4 .91 , we have dimX; < dim(G/P). Hence combining 
this with and we obtain 

dim(X) < dim(G/P) + d{[a]) - d{[ai]). 

Now if the component X of M g{E / P, j3[(yj) consists completely of boundary points, 
even then we can carry out the above induction by taking Y' = X and we would 
get a sequence of numerical types [uo] . . . [am] and irreducible components Xi of 
Mg(E/P,/5[^j) such that 

dim(X) < dim(Xo) + d{[a]) - d{[ao]) - k, (4) 

and the inequality holds for i = ■ ■ ■ m — 1. Here k is the number of nodes in a 
curve corresponding to a generic point of X. Hence the above argument gives 

dim(X) < dim(G/P) + d{[a]) - - k, 

which is stronger than the bound for an irreducible component whose generic point 



to a map with irreducible domain. The Theorem |4.10| now follows because rf([cr]) 



c^([<7«]) ^ '^(M) ^ d{'~fj) for some numerically minimal point 7^. □ 



Proof of the Theorem : Let X be an irreducible component of Hilb^j/p which 



contains the Hilbert point of a section a. Let X' be the open subset of X defined 
by X' = X n Sec^yp. Then X' is in the image of the isomorphism defined in the 
Lemma [4.8| . Hence Theorem [4.7| follows from the Theorem ^.10| . 



Remark 4.14 The proof of the Theorem [4.10| shows that if X is an irreducible 



component of M g{E / P, l3[a-]) for some [a] then there exists a P reduction o"o of E 
with [ctq] > [cr] and rf([o"o]) < g ■ dim(G'/P) such that 

dim(X) < dim(Xo) + d{[a]) - d{[ao]) - k. 

Here k is the number of nodes in the curve corresponding to general point of X and 
Xq is an irreducible component of M g{E / P, Pi^^-o]) containing ctq. This remark will 
be useful later. 

As in the case of we have a dimension estimate for the lower bound and this 
will be used later. 

Proposition 4.15 Let [cr] and [t] be two numerical types in X^{L) such that [a] < 
[t] . Then we have the following inequality 

Mg{E/P,P^^]) > Mg{E/P,(3^,^) + d{[a]) - d([r]) - 1 

Proof Let a = [a] — [r]. Firstly a defines a canonical element of H'^{E/ P, K)* 
(independent of the chosen line bundle L over C). Now one can check from the 
definitions that the /i([r],a) '■ Z{[r],a) M g(E / P, , defined in the proof of 



the Theorem 4.10, is generically injective. Hence the proposition follows from the 



dimension estimate for 2'([r], a) as obtained in Theorem |4.1CI| . □ 
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Remark 4.16 One observes that if [a] is such that M g{E / P, (3[a]) is irreducible 
and that the generic element corresponds to map from an irreducible curve then the 
proof of the Proposition ^?T5| actually shows that UgiE/P, Pi^]) > 'Mg{E/P, + 
d{[a]) — (i([r]), as the image of /^([t],^) will not be generically surjective. This remark 
will be used later. 



5 Irreducibility and Generic Smoothness of re- 
ductions 



We make a temporary change in the notations. Let C be a smooth projective 
curve over an algebraically closed field k. Let Gk be a semisimple simply connected 
algebraic group over k. Let E he a principal Gfc-bundle over C. In this section we 
want to prove that when the numerical type is large enough the space of reductions of 
E to a. fixed parabolic subgroup is irreducible and generically smooth. Our method 
of proof is to derive this from a similar result for the case when the parabolic is 
a Borel subgroup, and use the results in the previous sections to prove it for the 
parabolic case. The result for the Borel subgroups was proved by Harder [1^] for 
the case when the curve is defined over the algebraic closure of a finite field. From 
here it does not directly follow for arbitrary fields but the method of proof works. 
This will be the first part of this section. 

Let Bk be a Borel subgroup of G^- Let C -B^ be a maximal torus. The first result 
we want to prove in this section is the following. 



Theorem 5.1 There exists an integer N such that if E admits a B reduction of 
numerical type [a] satisfying the property (*) for N then Sec^j,^ is an irreducible 
smooth variety of dimension d{[a]) + (1 — g)dim{G / B) . 



Proof Our method of proof is to reduce the problem to the case where we can 
apply the methods of Harder. We make some first reductions. 

We will denote by F the prime field ¥p or Z depending on whether our curve is 
in characteristic p or 0. Since the curve G and the principal G-bundle is defined 
by finitely many equation, we may assume that there is a finite type affine integral 
scheme S over F, a semi simple simply connected split algebraic group scheme 
G = Gs over S, a curve C —>■ S which is smooth and proper over S with geometrically 
integral fibers, and there is a principal G-bundle S over C such that over the generic 
point SpecK S, the principal Gi^f-bundle Ek over the curve Gk extends to the 
Gfc-bundle E over G via the field extension Spec(/i;) Spec(i^"). 

Recall the definition of the instability degree ldegQ{E) of a principal G-bundle E 
We now prove some basic lemmas needed in the proof of the theorem. 

Lemma 5.2 Let E be a principal G-bundle over a smooth projective geometrically 
connected curve G over a perfect field Fq. Let L be a finite extension of Fq. Let Gl 
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be the curve C^KqL obtained by base change and El be the corresponding Gi-bundle 
over Cl- Then ldegQ^{EL) = ldegQ{E). 



Proof Let Fq be a fixed algebraic closure of Fq. Let E-p^ be the principal Gp^- 
bundle over Cj^^. One first observes that if (P, cr) is a pair with the property that P 
is maximal among all the parabolic subgroup P' containing B for which there are 
reductions cr' satisfying ldegQ_ (Ep^) = deg{Ep^^^,) then the pair (P, cr) defines a 

Harder- Narasimhan reduction (see Behrend 0). Now by uniqueness of the Harder- 
Narasimhan filtration and the Galois descent argument that This parabolic reduction 
is defined over Fq. If M is a Line bundle over C and if Ml is its pull back over 
Cl then we have deg{ML) = deg(M), hence the instability degree does not change 
when we take a finite field extension. □ 

Let £^ be a principal G-bundle over C ^ S as above. We will denote by x a finite field 
valued point x : Spec(/c(x)) S, and by = \k{x)\. Here k{x) is not necessarily the 
residue field but a finite extension of it. Here we fix our notation for x. Whenever we 
say X we mean a finite field valued point of S. We also denote by the principal 
Gx-bundle over the curve Cx which is the pullback of the corresponding objects 
over S via x. The property we have for C ensures that Cx is a smooth projective 
geometrically connected curve over k{x). 

We need the following lemma. 

Lemma 5.3 There exists an integer N such that for each x as above we have 
IdegiSx) < N. 



Proof Let ad(£^) be the adjoint bundle of S. For an a; a; and a parabolic reduction 
(P, cr) of Sx we have an inclusion a.d{{Sx))p^a ^d{Sx) hence by Riemann-Roch 
Theorem it is enough to bound the degree of ad{Sx) independent of x. But this 
follows from the semi-continuity theorems. □ 

Let G be an semisimple simply connected split algebraic group scheme over S. Let 
P be a fixed Borel subgroup and T be a maximal torus contained in B. Let X^{T) 
be the group of one parameter subgroups of T. Let [cr] G A:'*(T) be a numerical type. 
Let P be a principal G-bundle over C. Then the scheme Sec^jg is quasiprojective 

over S. By Corollary it follows that Sec^j^ is smooth over S if [a] is a numerical 
type satisfying the property (*) for N > 2g — 2. 

We now want to define the Eisenstein series for S. For this we need a fixed Borel 
reduction of S over all of S. By Corollary |3.22| there is a P-reduction of S with 
some numerical type [erg] by going to a surjective etale extension of S. Hence by 
we may assume that our affine scheme S is such that there is a section of the map 
Sec^^g — >• S for [ao] G X^,{T). We fix such a Borel reduction cro once and for all. 
This has the implication that for any choice of x we have a P^ reduction ao^x of Sx 
of numerical type [erg]. Now for any P^. reduction of Sx of numerical type [a] we see 
that [cr] — [erg] G X^,{T) has the property that it lies in Q (by Lemma p.l4|) . Hence 
if {wa} are the fundamental dominant weights then ([cr] — [cro])(wQ,) are integral. 
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Recall from Harder the definition of (iQ,([cr]) = ([cr] — [o'o]){wa)- For simplicity 



we write p[cr] = [a] — [ao]. Let 7a;(p[(T]) be the cardinality of Spec(fc(x)) rational 
points of Sec^^'y^ . Recall the definition of the Normalized Eisenstein Series 

Here Tq, for a G A are being thought as variables. We have suppressed the depen- 
dence of the above series on the Borel subgroup B and the reduction ao- Now it 



follows from Lemma 5^ that there exists an A^^o such that for all x, 7a;(p[o"]) = 
when (iQ,([cr]) < —Nq. Now we state some of the basic properties of this series which 
is proved in [|I4| 

Proposition 5.4 The Laurent series E[x, S, r) is a rational function on the vari- 
ables T. Moreover it can be written as E{x, S, r) = P{x, S, t)/Q{x, t), where P is a 
polynomial in Ta 's and r^^ 's for a E A. And 

Q{x,t) = H^g$+(1 - gx^7)n-£i(l - Wi{x)q~W^), 

where Wi{x) are the eigen values of the Frobenius Fr^ on the first cohomology of the 
curve Cx, and = UaeAT^" where 7 = J2aeA ^aWa- 



This proposition is a consequence of Theorem 1.6.6 of [|14| for case x = l and u = 1. 
From the above proposition it follows that the polynomial P{x, S, r) has its negative 
powers of bounded by Nq for each a as it holds for the Eisenstein series E{x, S, r). 



There is a second part of the Theorem 1.6.6 of 0] about the functional equation 
satisfied by the Eisenstein series using which we get the following upper bound for 
the degree of the polynomial P{x, S, r). 

Proposition 5.5 There exists a constant Ni such that for each x we have 

-No < deg^P{x, S, t) < Ni 

The above proposition is essentially Theorem 1.6.10 of ^M. One observes that the 



constants A^o and A^i depend on the Borel B and the reduction ctq. We write the 
polynomial P{x,£,t) = J2d^(^^-)'^~ where d = {da}a€A and r- = H^gA'^'a"- 
The next Lemma we need is about the bound for the coefficients a{x,d). 

Lemma 5.6 There exists a constant M independent of x such that for each x we 
have \a{x,d)\ < . 

Proof For a fixed [a], we know that Secfj^ is a finite type quasi-projective scheme 
over S hence we can find an constant Mp^^] such that for each x we have a bound 



7a;(p[f'"]) < Qx ■ It follows from Lemma ^]3| that there are only finitely many [a] 
with the property that 

- N < d^ila]) < Ni (5) 
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for each a. Hence we can find a single constant Mq such that 7i.(p[(7]) < 



for all [cr] satisfying d). Now we use the Proposition |5.4| to write E{x,£,t) = 
P{x,S,t)/ Q{x, t). Expanding both sides of the series using the power series expan- 
sion of 1/Q{x,t), the coefficients a{x,d) can be computed as a hnear combinations 
of 7a;(p[c"]) for [a] satisfying (|^) (by inverting an upper triangular matrix) with co- 
efficients as powers of and Wi{x). This proves the Lemma. □ 



Now we follow the arguments of the Theorem 2.3.1 and Theorem 2.3.2 of ||T4 
get the following. 



we 



Proposition 5.7 There exists a constants N and C independent of x such that if 
[a] satisfies the property (*) for N then we have 

where 

RAM) < 

The basic idea of proof of the above proposition is that we know explicitly the 
poles of the Eisenstein series namely the zeros of the polynomial Q{x, r). The next 
step is the explicit computation of the residue of the Eisenstein series at the point 
{tq,} = {l/q^}. Now one writes the series E = Ei{l — qxTa)) + E2 where 
El is essentially the residue of E. Then one observes that the series E2 has better 
radius of convergence. From here it follow that for large the coefficients of the 
Eisenstein series are dominated by the coefficients of Ei and the explicit residue 
computation now yield the Proposition. 



Now by applying the results of Lang and Weil pOf we see that if [a] satisfies (*) for 
N then after a finite base change of x, Sec^^^ has a unique irreducible component 
of maximal dimension and this dimension is equal to c?([o"]) + (1 — g)(iim.{G / B) . By 
deformation theoretic lower bounds we see that every component is atleast of this 
dimension. Hence we see that Sec^^^^ is absolutely irreducible for each x. 

Now we have a finite type smooth morphism Sec^j^ S. By taking an affine open 
subscheme Sq = Spec (A) of 5* we may assume that there is a dense affine open 
subscheme U = Spec(-R) of Sec^j^ S such that U surjects onto So- Hence we 
obtain a finite type faithfully flat morphism U ^ Sq with the property that for each 
x in 5*0 the fiber R ®a k{x) is irreducible. To show that Sec^^^ is irreducible it is 
enough to show that R ®a K has no non trivial (not equal to or 1) idempotent 
elements as i? is a smooth A algebra. If R ® a K has an idempotent element then 
there is an / G A such that Rf = R^aAj contains a non-trivial idempotent element. 
Hence we may assume by replacing Ahj Af that R contains a non trivial idempotent 
element e. Since R is reduced, there is an open subscheme Ui of Spec(i?) such that 
for p E Uq the image of 1 — e in Rp/pRp is non zero. Since R is smooth over A, the 
image of Ui in Spec(y4) is open. Hence by shrinking A to another Af we may assume 
that the non-trivial idempotent element e E R has the property that the image of 
1 — e in ®^ k{x) is non-zero for each x. Now by irreducibility of R ®a k{x) we 
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see that e maps to for each x. Hence e G where the intersection is over all 

maximal ideals of A. 



Lemma 5.8 Let A he a finite type algebra over F (= 'L or Fgj. If R is finite type 
over A then mi? = rad(-R) . 



Proof Firstly the conditions of the lemma ensures that /? is a Jacobson ring hence 
rad(i?) is the intersection of all maximal ideals of R. Again since R is finitely 
generated over F ensures that for every maximal ideal n in R the field R/n is 
finite. Hence we see that the morphism Spec(i?) Spec(A) takes maximal ideals 
to maximal ideals, of A. This implies the lemma. □ 

Now by above lemma, since R is reduced, it follows that e = 0. Hence the proof of 
the theorem is complete. □ 



Remark 5.9 Note that we need to actually show that Sec^^^ is absolutely irre- 
ducible. For this we have to further show that if L is a finite separable extension 
of K then Sec^,^^ remains irreducible. We take the normalization A' of A in L. 
Then the whole setup pulls back to the setup over A' . Since Spec(yl') Spec(y4) 
takes maximal ideals to maximal ideals hence above proof actually shows that for 
the same N , the Proposition |5.7| works in the setup for A' . 

We return to our notations where the objects are over an algebraically closed field 
k. Now we extend the above results to the case of parabolic subgroups. 

We need the following lemma about the behavior of the Harder-Narasimhan reduc- 
tion of a principal G-bundle which vary over a family. 



Lemma 5.10 Let S ^ C x S be a family of G-bundles with S an irreducible scheme 
of finite type over k. Then there is a non-empty open subset U of S, a parabolic 
P and reduction of E\c-k{u\ to P for each u & U such that is the Harder- 
Narasimhan reduction of £\cx{u} for each u & U and the numerical types [au] = [cTv] 
for every u, v E U. 



Proof Consider the family ad(£^) over C x S, since the degrees of the subbundles 
of each of the vector bundles occurring in the above family is bounded above by an 
integer which depends only on 5*, there are only finitely many choices for the (P, [a]) 
with P D B where the G-bundles in the family S can admit a Harder-Narasimhan 
reduction to these parabolics with numerical types [a]. Using the uniqueness of 
the Harder-Narasimhan reduction we produce a finite collection of constructible 
subsets of S (by Lemma corresponding to G-bundles in the above family whose 
Harder-Narasimhan reduction is defined by the pair (P, [a]). The union of these 
constructible subsets is S. Hence one of them contains a non-empty open subset of 
S. This proves the lemma. □ 

Let P be a fixed parabolic subgroup of G containing B. Let L be the Levi quotient of 
P. We denote by L the quotient L/Z^{L) where Z^{L) is the connected component 
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of the center of L. Let B (resp. T) be the Borel subgroup (resp. maximal torus) 
be defined by image of B (resp. T). This defines an induced root system for L. Let 
be the coroot lattice of this root system. Let a be a P reduction of E with the 
numerical type [a]. We will denote by CL([cr]) the element cl{p^{E„)). This is well 



defined by Lemma |3.18| . Recall the definition of Mg{c, d) from the paragraph above 
Proposition |3.19| . 

Proposition 5.11 Let E be a principal G-hundle over C . There exists a constant 
D with the property if E admits a P reduction of numerical type [a] then the scheme 
of sections Sec^j,p has an open dense subscheme U^'^'^ with the property that the 
L-bundles associated to every point ofU^'^^ is a member of Mj^(cL{[a]) , D) . 

Proof Let X be an irreducible component of Sec^j/p. Let Sp be the restriction of 
the universal P-bundle over C x X Let p be the natural surjection from P to L. 
Then we have a family p^^Sp of L-bundles over C x X. By Lemma ^.10| there is a 
parabolic subgroup Pi of L and an open subscheme U of X such that {p^£p)x admits 
Harder-Narasimhan reduction ai^x to the parabolic Pi with a fixed numerical type 
Wx\ — [^i] each x E U . Let Pi be the parabolic subgroup of G contained in 
P whose image in L is Pi. Now by Lemma p.5| the reduction of structure group 
ai^x canonically defines a reduction of structure group ai^x of {Ep)x to P with the 
property that [ui^x] = [cl] for each x E U and such that [ai] maps to [a] (resp. [ai]) 
under the homomorphism X^{Pi) — X^{P) (resp. A:'*(Pi) X^{Pi) is [o'l]). By 
definitions the instability degree ldeg{p^{Sp)x) at x G t/ is exactly computed to be 
equal to — (i([CTi]). Using the exact sequence 

we conclude that (^([o'l]) = ^([ci]) — c?([(t]). 

Now we have a natural morphism Sec^^p^ Sec^j/p whose image contains U. This 
implies that dim(X) < dim(SeCgypJ. Now we use the deformation theoretic lower 



bounds for the dimension of X and the upper bound Theorem 4.10 we obtain for 
each X E U 

ldeg{p,{Sp)x) <{g- l)dim{G/P) + dim(G'/Pi) - Min,=i...„{d(7,)} 

Where 7i's are the minimal numerical types for E with respect to Pi. Now the 
proposition follows as the right hand side of the above expression is independent of 

H □ 

We will fix the constant D prescribed by the above proposition once and for all. 
This will allow us to work with the open dense subscheme t/^'^l of Sec^j,p. 

We also need the following lemma Let c G X^{T)/Q be fixed. 

Lemma 5.12 For every positive integer n there exists an integer Mc{n) such that 
every member in Mg{c, D) admits a reduction to B with numerical type [a] satisfying 
n < [cr](a) < Mc{n) for each a G A. 
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Proof This a an immediate consequence of the corollary |3.22| where we just choose 



Mc{n) to be the maximum of [cr](a;) for a; G A. □ 
The main Theorem of the section is the following. 

Theorem 5.13 Let E he a principal G -bundle overC. Let P be a parabolic subgroup 
of G. There exists an integer N such that if E admits a P reduction of numerical 
type [a] satisfying the property {*) for N then Sec^|/p is an irreducible and generically 
smooth of dimension d{[a]) + (1 — g)dim{G / P) . 

Proof Let / be the subset of A which defines the parabolic subgroup P. Hence 
the simple roots of the quotient L are exactly the simple roots in J. If J is a 
character of T then (3\zo(l) is nontrivial. Hence there is an positive integer such 
that extends to a character of L (hence P). This implies that there exists a 
character of P such that 

X^It = npp + ^ ri^,aa. (6) 

We note that if x is any non-trivial character of L which when restricted to T is a non- 
negative linear combination of simple roots then some positive integral multiple of x 
is a non-negative linear combination of xp for P^I- Let "^z = Max/3^/{^^gj- |n/3,a|} 
Hence if [a] satisfies (*) for then [o"](x/3) > N and conversely if [cr](x/3) > N for 
each P^I then [a] satisfies (*) for Ni where Ni = N/uj and nj = Max^^/jn/j}. 



By Theorem |5.1| there exists an integer Nb such that for each [ctq] G (T) satisfying 
(*) for A''^ the space of sections Sec^j,^ is irreducible and smooth of dimension 
d{[ao]) + {l-g)dim{G/B). 

Let Np be defined by Np = ujNb + miMp,, where D is prescribed by the Propo- 
sition ^.111 and Mp = Max^^^^^jyQ^lMc^Np)}. Here Mc(A''b)'s are the constants 
prescribed by the Lemma ^.121 for the choice of D and n = Np. The constant Mp 
is finite because L is semisimple algebraic group, hence there are only finitely many 
classes in X^(T)/Qp. 

Let [a] G X^,{P) be such that [a] satisfies (*) for Np then we claim that Sec^j/p 
satisfies the properties mentioned in the statement of the Theorem. Infact if f/t*^] 



is the open dense subscheme prescribed by the Proposition |5.11| then we show that 
jjIct] jg ii-j-educible and smooth of expected dimension. 

Let E be the family of P-bundles over G x U^'^^ defined by the universal properties 
of the space of sections. Then by Lemma |5.12| for each x G U^'^'^ the L-bundle 



p^Sx admits B reductions with numerical type [ai] satisfying Np < [ai]{a) < Mp. 



Now by Lemma |2.5| these reductions canonically defines 5-reductions of Sx with 
numerical type [ui] such that the image of [ai] under the map X^:{B) —>■ X^{P) 
(resp. X^{B) X^{B)) is [a] (resp. [o^i]). Hence U^"'^ lies in the image of the 
natural morphism / : Sec^^^ Sec^|/p. 

The Theorem now follows if we show that [ui] satisfies the property (*) for Np. This 
is because the irreducibility of Sec^^^ would imply irreducibility of f/''^'. Moreover 
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for a reduction cr G U^'^'^ if Ui G Sec^J^ is such that /((Xi) = cr then the 5-bundle 
E'er! extends to E^. Since the map H^{C, To-J — H^{C, T„) is surjective, the fact 
that H^{C, To- J = imphes that f/t""! is smooth at a. 

Hence we have to only show that [cri](a) > Nb for each a G A. If a G / then 
already we have [cri](Q;) = > Nb- If P^I then the inequality [cri](/9) > A''^ 

follows from the above inequality for a G / and the Equation (^) by observing that 
[<7i](X/3|t) = M(X/3) ^ ^P- This completes the proof of Theorem |5.13| . □ 

Remark 5.14 The results of this section holds for any connected reductive al- 
gebraic groups. To do this firstly we may assume that the group G has no center 
as the map G ^ G/Z has the property that P-reduction of a principal G-bundle 
E is in bijection with P/Z-reductions of the associated G/Z-bundle. This reduces 
the problem to semisimple algebraic group. Let / : G — G be the simply con- 
nected cover. Then one checks that all the proofs go through if we take semisimple 
simply connected group schemes over the curve instead of the principal bundles. 
Now one proves that for any principal G-bundle there is a G group scheme whose 
quotient modulo center in the flat topology is the group scheme over G associated 
to the G-bundle E. The last statement follows from the existence of a connected 
reductive algebraic group H, and a surjective homomorphism (in the fppf topology) 
g : H ^ G such that ker^g) = {Gm}"' and [H, H] = G. This is because E comes 
from a if-bundle Ei (as H'^{G, Gm) = 0) hence the group scheme we are interested 
is the associated fiber space Ei{G) for the conjugation action of H on G. Since 
there exists an embedding of the group scheme ker/ C (G™)" for some n, we check 
that the quotient (G x (Gm)'^)/ker/ (in the fppf topology) for the diagonal action 
of ker/ defines such a choice of H. 



6 Generic stable bundles 



In this section we prove the main results about the structure of the moduli spaces of 
stable maps Mg{E/P, /5[o-]) under stronger assumptions on the principal G-bundle 
E. In this section we will also assume that the genus of the curve G is atleast 
two. This will ensure that there are stable G bundles of every topological type by 
Proposition |3.25| . 

Following the Example 5.7 of [^] we define the notion of a generically stable G- 
bundles as follows. 



Definition 6.1 We say a principal G-bundle E is generically stable if for any 
parabolic P and a P reduction a of E the following holds. 

dim(M,(E/P, /3h)) = d{[a]) + (1 - g)dim{G/P) (7) 

Note from the definition that generically stable is actually stable. Our main result 
is the following. 
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Theorem 6.2 Let C be a curve of genus atleast two. Let c G X^{T)/Q he fixed. 
Then there exists a generically stable G -bundle with topological type c. 



Proof Let c G X^:{T)/Q be fixed. Let £ he a, family of G-bundles on the curve C 
parameterized by a finite type smooth scheme S which is miniversal at every point 
of 5" and such that £x = £\cx{x} is stable for each x E S. Such a family exists by 



Proposition |3.23| and p.25 . 



Let Fi be the set of numerical types satisfying the property that d{[a]) < g-dimG/P 
and there exists a.y & S such that £y admits a P reduction with numerical type [a] . 
By lemma and Lemma it follows that Fi is a finite set. 



Lemma 6.3 There exists an non-trivial open subset Up C S with the property that 
if for some x E Up the G -bundle £x admits a P reduction of numerical type [a] G F 
then for every y E Up the bundle £y admits a P reduction of numerical type [a]. 

Proof Let [a] G Fi be an numerical type. Let Vio-j be the constructible subset of 
S consisting of bundles in £y which admit P reductions of numerical type [a] (by 
Lemma |2.4| ). Let F C Fi be the subset of numerical types with the property that 
for each [a] G F the constructible set Vjo-j contains a non-empty open subset of S. 



By Theorem 1.1 of Holla-Narasimhan |]16|, the union of the these finitely many 



constructible sets V[o-] for [a] G Fi is all of S. Hence one of them must contain a 
non-empty open subset of S. This proves that F is non-empty. Let 

^ = n n (^[-i)'^ 

Her [ai]eri-r 

where (^[o-i])'^ is the complement of the closure of Vjo-i] . Then U contains a non-empty 
open subset of 5* which satisfies the properties mentioned in the lemma. □ 

Let P be a parabolic subgroup containing B. Let F be the finite set numerical types 



for the family £ as described before. By Lemma ^]3| we have an open subscheme 
Up of S satisfying the properties mentioned in the Lemma. Now define U = Up 
where the intersection is over the finitely many parabolic subgroups containing the 
Borel subgroup B. Hence f/ is a non-empty open subscheme of S with the property 
that the defining morphism / : Sec^^^^p — * f/ is surjective for each P D B. We will 
show that for any x eU the principal bundle E = £x is generically stable. 

Let 0" be a P reduction of E such that [cr] G F. To simply notations we will denote 
by Y the space Sec^^^^p. 

If ?/ G y is the point corresponding to a then Sec^j/p is the fiber of the morphism 
/ : r ^ [/ at the point x = f{y) G U. We denote by df : TyY T^U = H\C, adP) 
the induced map on the tangent space (Here the schemes are not smooth and by 
tangent space we mean the vector space of k[e\/e^ valued points whose associated 
/c- valued point is y). Then we have the following exact sequence 

T.Secglp = H\C, T.) ^ TyY ^ H\C, adE), (8) 
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where is the pull back of the tangent bundle of the fibers of the morphism 
E/P ^ C hy a. Let V — > C x be a family of P-bundles, parameterized by 
finite tj^e smooth scheme Sp, which is miniversal at the point y' = E^j E Sp. Now 
the family of P-bundles defined by Sp when extended to G defines a family of G- 
bundles. There is a stable G-bundle in this family namely E which is an extension 
of E^y. Hence there is a non-trivial open subset Sq of Sp which corresponds to points 
which extend to stable G-bundles (by Proposition p.20|) . Hence by replacing Sp by 
an etale neighborhood we may assume there is a morphism Sp — > U . Consider the 
family £p of P-bundles on C x F obtained by the universal property of Y . Now by 
going to an etale neighborhood V oiy eY and of Sp, and an automorphism of U in 
a neighborhood of a; G f/ we may assume that the restriction of / (again denoted by 
/) defines a morphism f : V ^ U which can be written as j o where g : V ^ Sp 
is defined by the versal property of Sp at E^^ and j : Sp ^ U hj the versal property 
of [/ C S at P. 

Now this implies that the map df : TyV —>■ H^{C, adP) factors through TyiSp = 
H^{C, adPcr). Hence we have the following commuting diagram which has exact 
horizontal rows 

— > H^{C, T„) — > TyV pi(C, adP) 

1 II idg II 
H\C, adP) ^ P°(C, T,) ^ H\C, adP,) ^ H\C, adP) 

From the above diagram it follows that keT{dg) = im{ri). This gives us a dimension 
bound dim(TyV^) < dim(P^(C, adPo-)) + dim(im(r7)). Using the following exact 
sequence 

— > H\C, adP^) — > H\C, adP) ^ P°(C, T^) 

and Riemann-Roch Theorem for E^r we get the dimension bound dim(Tj^\^) < 
d{W]) + {9- l)dim(P) + dim(P°(C, ad(P))). The Equation (|) now implies that 

dim(Sec^lp) < d{[a]) + (1 - ^7)dim(G/P). (9) 

But this is exactly the deformation theoretic lower bound estimate of the dimension 
of the space of sections. Hence we have proved that the inequality (|^) is an equal- 
ity. This proves the Equation (^ for [a] G T assuming there are no pathological 
components in Mg{E/P, P[a])- 

For an arbitrary [a]. Let X be any irreducible component of Mg{E/P, /3[o-]). By 
Remark [4.14| , there exists a P reduction ctq of E with [cxo] G F and [a] < [cxo] such 
that dim(X) < dim(Xo) -|- d{[a]) — d{[ao]) — k. Here k is the number of nodes in the 
curve corresponding to a general point in X and Xq is an irreducible component of 



Mg{E/P, (3[ao]) containing ctq. Now the Theorem |6.2| follows from (y) for ctq and the 



deformation theoretic lower bounds for the dimension of X (also we get k = 0). □ 

Remark 6.4 Note that even for a stable bundle E, in general H^{C, ad(P)) is not 
equal to the center of the Lie algebra of G (this is true in characteristic 0). So, one 
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has to be careful at this stage. Also the use of versal family is again due to the lack of 
the moduli space of stable bundles in positive characteristic. Even in characteristic 
zero we need to use the versal family because of the non-representability of the 
functor Hg{C, RuP{£l)) for a family of L bundles £l. 



Remark 6.5 The proof of the above theorem actually show that there exists an 
open subset of stable bundles in any family which are generically stable. 



Remark 6.6 Let N > g ■ dim(G/P) be an integer. Let c G X^{T)/Q be fixed. 
Let r be the finite set of numerical types for P defined by the property that for 
each [a] G F there exists a stable bundle to topological type c which admits a P- 
reduction of numerical type [a] and rf([cr]) < A^. The proof of the above theorem 
actually shows that if the genus of the curve is atleast two then there exists a stable 
bundle E (hence an open set of stable bundles) such that if E admits a P reduction 
of numerical type [a] G F then Sec^|/p is smooth. This is because the in the proof 

we actually get the dimension bound for the tangent space of Sec^|/p. Hence the 
smoothness follows from the deformation theoretic lower bounds. 

As a consequence of the Theorem |6]^ we get a result which generalizes the lower 
bound theorem of Lange (Satz 2.2, [p^). 

Corollary 6.7 Let E he a generic stable bundle if E admits a P reduction a then 
we have rf([a]) > - l)dim(G/P). 



Proof This follows from the definition of a generic stable bundle. The main point 
is the existence of such bundles which is the content of the Theorem |6.2| 

Now we prove a result on the structure of the space of parabolic reductions of a 
generically stable bundle. 

Proposition 6.8 Let E be a generic stable G-bundle. Let [a] be an numerical 
type. Assume that Mg{E/P, is non-empty. Then a generic element in every 
component of Mg{E/P, f3[„]) corresponds to reduction of structure group of E to P 
with the property that the associated Levi L-bundle is generically stable. 



Proof If X is an irreducible component of Mg{E/P, i3[cr]) and if the generic element 
of X corresponds to a map from a curve with k nodes then using the Remark [4.14 
we see that dim(X) < dim(Xo) + d{[a]) — (i([o"o]) ~ k for some [ctq] and Xq an 
irreducible component of Mg{E/P, Since Xq has the expected dimension we 

get a contradiction to the deformation theoretic lower bound for X. This proves 
that there are no pathological components in Mg{E/P, f3[a])- Hence it is enough to 
prove the proposition for an irreducible component S of Sec^^p. By the universal 
property we have a family £p of P bundles over C x S. Let Sj^ be the associated 
family of L bundles over C x S, where L is the quotient of Levi subgroup of P by its 
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connected component of the center. For any parabolic Pi of L there is a parabohc 
Pi G P such that Pi is the image of Pi under the map p : P L. 

Now we continue as in the proof of the Theorem |6.2| with the family over L instead 



of G. Using the Equation (|^ one checks that the same proof works once we use the 
following Lemma. 



Lemma 6.9 With above notations, let [ai] G X^{Pi) be a numerical type which maps 
to [a] and to a numerical type \ai] of Pi . Then the spaces Sec^^p^ and Sec^j-p^ 
naturally isomorphic. 



are 



Proof This is a simple consequence of the universal properties of the space of 
sections. □ 



We also get the following result which generalizes the Proposition |3.7| for the case 
of parabolic subgroups when E is generically stable. 

Corollary 6.10 Suppose [a] and [r] are two numerical types with the property [t] < 
[a]. Suppose E is a generic stable G-bundle which admits a reduction of structure 
group a to P with numerical type [a] . Then E admits a reduction of structure group 
to P with numerical type [r] . 



Proof This immediately follows from the Proposition once we show that the 
space Mg{E/P, /?[^]) is non-empty and this is so because we can always attach 
rational tails to a map from a curve corresponding to reduction a. □ 



Now we prove result which generalizes the Theorem 6.7 of and gives a charac- 
terization of generically stable bundles. 

Proposition 6.11 A principal G bundle E is generically stable if and only if there 
exists an integer N such that Mg{E/P, is irreducible for all parabolic subgroups 
and numerical types [a] satisfying the property {*) for N 



Proof If a G-bundle E is generically stable then by Proposition |6.8| it follows that 
Mg{E/P, /3[o-]) has no pathological components. Now the "only if part" follows from 
Theorem |5.13| . For the other way, using the Theorem p.l^ again we find an A^^i > 
such that if E admits a P reduction of numerical type [a] satisfying (*) for A^^i then 
Mg(E/P, has expected dimension. Hence by Remark [4.16| we conclude that 
there is a P reduction ctq of E and a component Xq of Mg(E/P, containing 
(To such that Xq has the expected dimension. Now the proposition follows by the 
method of proof of the last part of the Theorem ^]2| and a variant of the Lemma |3]l| 
which states that if di is a P reduction of E and then there exists P reduction a2 of 
E such that [o'2] < [cti] and that [o"2] satisfies the property (*) for Ni. This variant 



has a similar proof. This completes the proof of the Proposition 6.11. □ 
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